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Abstract: The study of community structures is a hot spot for many inhomogeneous 
networks. Modularity plays an important role in this area, because it is a criterion for 
community detection, and a basis for community detection algorithms. Although 
commonly used in papers concerning community structures, modularity is seldom fully 
studied. In this paper, we investigate problems with the properties of modularity as 
defined by Newman and we propose a modularity normalized for number of groups as 
well as a hybrid modularity that improves on properties that reflect the interactions 
among communities. We also illustrate the basic flowchart of a “bottom-up merging” 
community detection strategy based on the properties of modularity, and explore a 
detection algorithm inspired by hybrid modularity.  

 

1．Introduction 
The central idea of “Community Structure” is widely used in the study of social, 

biological and technical networks, among others. It represents an important future 
direction of complex networks research.[1-8] In order to evaluate community structure, 
several measurements based on network density have been developed. [9] Modularity is 
the characteristic of a system that has been partitioned into smaller subsystems which 
interact with each other. The “modularity” index Q proposed by Newman et al. [10-14] is a 
popular method for evaluating how good is a particular division of networks into 
communities, assuming they interact but do not overlap. It is not only a criterion for 
community detection, but also provides basic insights needed to explore other algorithms 
for community detection. [1,10,14] There has been a recent proliferation of community 
structure studies and algorithms for fast computation of community structure in large 
networks. [14-15] Modularity usually acts as an objective function in these algorithms and 
thus community structure detection is basically an optimization process for the objective 
function Q. There are several other recent algorithms to detect community structure that 
are representative of the modularity approach [16-18]. 

A network can be represented as G(V, A), where { }321 ,, vvvV =  represents the 



set of nodes in the network and A is the set of connections. Detecting community 

structure consists of dividing a network into m sub-networks mpVp ,2,1, =∅≠ , 

where , for VVp

m

p
=∪

=1
∅=∩ qp VV qp ≠ , and modularity may be defined as[1]: 
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Here epq is the fraction of edges in the original network that connect vertices in 

community p to those in community q, with pqpp ee =  for qp = . The definition of 

modularity Q can be interpreted in two parts: the first term reflects the connections 
within the community and the second term describes the connections between any 
two communities. According to Newman, the larger the value of Q, the stronger the 
community structure of the network.[10] In practice, values of Q typically fall in the 
range of 0.3 to 0.7.[10-12]  

One problem of modularity Q, however, is that it is not normalized to deal with 
networks that are not homogeneous in the sizes of “community structure” clusters. 
Fig. 1 shows three examples of community structure that are problematic in terms of 
comparisons. 
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(a)      Network 1                             (b) Network 2 

Community 1

Community2

 
(c) Network 3 

Fig. 1.  Three illustrative situations of community structure 
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Situations 1 and 2. Network 1 and 2 shown in Fig. 1 (a) and (b) are very similar to 
each other. Both of them have very clear community structure and the communities are 
the same, namely, each sub-network has five fully connected nodes. The only difference 
is that network 1 has 2 communities while network 2 has 4 communities. According to Eq. 
(1), we get the modularity Q values, 0.4036 and 0.6591, for network 1 and network 2, 
respectively. Why is the modularity value so different for similar community structures? 

Situation 3.Two communities in network 3 are shown in Fig.1 (c). There are 5 fully 
connected nodes in community 1, 10 fully connected nodes in community 2 and only one 
tie between those two communities. We get Q= 0.2688 for network 3.  

Intuitively, these comparisons do not agree with Newman’s declaration that the larger 
the value of Q, the stronger the community structure of the network. The properties of the 
modularity Q need further investigation. In this paper, we first discuss how the network 
density affects this measure of modularity, and we develop a modularity normalized for 
number of communities. Second, based on this normalized modularity, we summarize the 
general steps for the agglomerative or “bottom up” algorithm to detect community 
structure. Third, we further normalize Q for consistency with the agglomerative algorithm. 
Fourth, we show results for various test networks of the effectiveness of the new 
modularity for community detection and comparison of these modularity values across 
different networks.  

2. Normalized Modularity 
Network structures can vary widely and there are many different types of community 

structures for a network. Community detection is an NP hard problem. 1 [19] Applying a 
detection algorithm to obtain modularity values for all possible community structures is 
not feasible. Theoretical analysis of the properties of community structure and 
modularity is also challenging. However, the calculation for regular networks with a 
fixed number of edges per node is relatively simple. Fig. 2 shows a regular network[21]: 
we start with a ring of n nodes, each connects to its k nearest neighbors by undirected 
edges. 

 
Fig. 2. Regular lattice network 
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If the regular lattice network has m communities, the modularity Q is 
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If 
  
k
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 is small, Q becomes large. The density of the network d = ( ) n
k

nn
kn

∝
−15.0
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The more sparse the network, the larger the modularity Q. For 0=pqe  and qp ≠ , there 

is no connection between any two communities and the community structure is perfectly 
partitioned and Q reaches its maximum. But community structure does not invariably 
become clearer with larger Q. The other factor affecting the Q value in Eq. (3) is m. And 
because  
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then if , and mmeee === 2211 m
Q 11max −= .  

Hence, as the number of communities m becomes larger, the maximum value of Q 
will increase but will never reach 1. Further, for Q even to reach Qmax the size of the 
communities must be identical, as implied by Eq. (4). The definition of Q thus asserts that 
communities are most distinct when there is a balance in size among them. As a first step 
to allow comparison among measures of the extent to which communities structure 
achieves modularity given differences in community size, we define a normalized 

modularity Q  for m communities that can achieve 1max =Q  if m ≥ 1:  
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We calculate Q for the three networks shown Fig. 1 and get 0.8072, 0.8788 and 0.5376, 
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respectively. Thus Q  is better than Q in representing the degree of community structure 

in a network in a way that is independent of the size of the subgroups.  

Q  cannot be used for comparisons across networks, however, unless the network 

density and total size are equal. Fig.3 shows how the modularity Q of random networks 
changes with the density d (e.g. the connection probability) and the network size n. The 
size of the random networks changes from 30 to 400 with a step 5 and the density 
changes from 0.1 to 0.9 with a step 0.05. Using Newman’s Algorithm, [12] we compute the 

modularity for these random networks and plot Q and Q , respectively. Each value in Fig. 

3 is the average of 100 random simulation results. Generally, the modularity of random 

networks is Q < 0.3 and 4.0<Q . According to Fig.3, we can see that Q and Q  have 

similar properties: the value of each increases with decreasing network density, and 
decreasing network size.  

 

(a) Newman’s modularity Q               (b) normalized modularity Q  

Fig. 3. Q and Q for the networks with different size and density 

3. Algorithm 
Three basic strategies based on modularity have been proposed to detect community 

structure by optimizing the modularity function Q. One is a “top-down” dividing strategy, 
for example, the Newman-Girvan algorithm[1,10] based on the “edge betweenness”, and 
S.White and Smyth’s spectral clustering approach,[2] which takes the whole network as a 
single community and then divides a big community into two small subgroups 
repetitively. Another is a genetic algorithm based on mixing, mutation, and evolutionary 
selection.[22] A third is a “bottom-up” agglomerative or merging strategy, as for example 
Newman’s fast algorithm[12] and Clauset et al.’s algorithm for large networks [14], which 
treats each node as a community and then combines two small communities to form a big 
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one. The main steps of these merging strategies are:  
 
Step1: Take each node in the network as a community; 

Step2: Calculate pqϕ  for each pair of communities; pqϕ  is the change in Q when 

combining community p and q to form a new community; 

Step3: Combine the two communities which have the maximum change ( pqϕ ); 

Step4: Repeat step 2 and 3 until 0≤pqϕ  

The performance of the algorithm is dependent on pqϕ which in turn is determined 

by the definition of modularity. If we change the definition of Q we get a different pqϕ  

and the relevant merging algorithm. We consider Q . Because Q and Q differ only in m, 

the normalized modularity Q  will yield the same algorithm as the one based on Q (see 

Appendix). 
 

More fundamentally, however, there is a particular assumption built into Newman’s 
definition of Q in Eq. (1), where the term for interactions among communities, 

is evaluated as the sum of densities both within and between communities and with sums 

that have equal weight, as if the communities were all of equal size. 
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only in part. If we want to include in a modularity measure the differences in community 
sizes we need to consider this interaction term. If we doing so, however, we need to 
evaluate within- and between- community densities not by total network density but by 
each of the respective row/column expected densities for each p,q pair which will differ 
according to their marginals.2 For this purpose, the middle term in the last expression, 

is then the key factor for measuring the interactions between community p and 

others. The term in the value of Q as the intercommunity component of 
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2 Newer community detection algorithms by Reichardt and S. Bornholdt recognize and adjust this problem. [4-7] 
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modularity, then, is exaggerated. To shrink this term to its proper contribution to 

modularity, we add  in Q to define a hybrid modularity :∑
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As before,  will yield the same algorithm as one normalized for differences in 

number of communities (see Appendix). This means we can normalize while using a 

Q~

Q~

pqϕ consistent with an unnormalized Q~ . Thus we define 

Q
m
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=                      (7) 

Fig 4. is the same simulation experiment as shown in Fig. 3. Q~  and Q~ have similar 

features to Q and Q , for example, 
m

Q 11~
max −= , but QQ ≥

~ , 1max =Q , and 1~
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detected the community of the networks shown in table 1. The results indicate that the algorithm based on 

 is not extremely better than Clauset et al.’s algorithm. So we combined  and Q together to put 

forward hybrid modularity 

Q̂ Q̂

Q~  to improve the detection results.   
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Fig. 4.  for the networks with different size and density Q~

 For an algorithm based on and the basic framework of “bottom-up” merging 

strategy, 
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4 Applications 
Ucinet[23] and Pajek[24] networks are used as platforms to compare our algorithm 

based on with Clauset et al.’s algorithm[14] for detecting the community structure in 

stable networks.   

Q~

The networks in table 1 are a few examples in the Ucinet or Pajek test networks. We 
list the main characteristics of these networks. All of them are 0-1 symmetric. 

We apply the algorithm based on  and Clauset et al.’s algorithm to detect the 

community structure for each network and calculate Newman’s modularity Q and 

Normalized modularity 

Q~

Q , respectively. The two modularities for Clauset et al.’s 

algorithm are denoted as  and CQ CQ and for the algorithm based on  are denoted as 

 and 

Q~

mQ mQ . We define:  

%100gap C
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QQ                          (9) 
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%100gap C

mC

×
−

=
Q

QQ                         (10) 

The smaller the gap, the closer the result found by the algorithm based on Q  

compared to Clauset et al.’s algorithm. Especially, if gap < 0, the algorithm based on  

gives a higher score than Clauset et al.’s algorithm. 

~

Q~

 
Table 1 The parameters for the networks in Ucinet or Pajek. 

Networks Size Average degree Density Resource 
Drugnet 293 0.969 0.013 Ucinet 
Zachary 34 2.294 0.278 Ucinet 
1crn 327 2.061 0.013 Pajek 
ADF073 262 2.046 0.016 Pajek 
BKHAM 44 4.046 0.188 Pajek 
BKOFF 40 6.150 0.315 Pajek 
c 65 3.846 0.120 Pajek 
cc 62 4.645 0.152 Pajek 
CENPROD 131 4.817 0.074 Pajek 
dnet 180 1.272 0.014 Pajek 
GR3_53 144 5.000 0.070 Pajek 
GR3_60 120 3.000 0.050 Pajek 
KAPTAIL 39 8.103 0.426 Pajek 
MREZA3 144 3.653 0.051 Pajek 
nooy 85 31.741 0.756 Pajek 

Table 2 shows the detection results. According to the value of the gap, we can see 

that the algorithm based on Q~  gives a higher community detection score than Clauset et 

al.’s algorithm for 40% of the networks shown in table 1, and for 26.6% of the networks, 

the algorithm based on Q~  and Clauset et al.’s algorithm obtain the same detection 

results. For the remaining networks, the detection results of the algorithm based on Q~  

algorithm is very close to those of Clauset et al.’s algorithm. Generally, the sign of the 

gap agrees with that of gap , because the two algorithms find similar number of the 

communities for these networks. Due to the effect of the smaller numbers of communities 
(3-4 versus 5-20) in some of these results, the signs of the gaps for the Zachary, BKHAM 
and KAPTAIL networks are not the same.  
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Table 2 Detecting results of the algorithm based on  and Clauset et al.’s algorithm Q~

Q~Clauset et al.’s algorithm Algorithm based on  Networks gapgap  
（%） m m CQ  CQ mQ mQ   （%） 

-0.4163 -0.6889 Drugnet 0.7447 0.7839 20 0.7478 0.7893 19
-3.5461 Zachary 0.3807 0.5710 3 0.3942 0.5256 4 7.9510 

1crn 0.8831 0.9321 19 0.8827 0.9317 19 0.0453 0.04291 
0.0000 0.0000 ADF073 0.8810 0.9397 16 0.8810 0.9397 16

-8.4444 BKHAM 0.1800 0.2700 3 0.1952 0.2603 4 3.5926 
BKOFF 0.3413 0.4551 4 0.3367 0.4490 4 1.3478 1.3404 

-0.6058 -4.8024 C 0.5778 0.6934 6 0.5813 0.7267 5
0.0000 0.0000 Cc 0.6726 0.8408 5 0.6726 0.8408 5

-169.4400 -167.4300 CENPROD 0.0360 0.0393 12 0.0970 0.1051 13
Dnet 0.6369 0.7643 6 0.6359 0.7631 6 0.1570 0.1570 
GR3_53 0.6519 0.8148 5 0.6340 0.7925 5 2.7458 2.7369 

0.0000 0.0000 GR3_60 0.6739 0.7581 9 0.6739 0.7581 9
-4.9729 KAPTAIL 0.2910 0.3881 4 0.2716 0.4074 3 6.6667 

-0.4001 -2.4896 MREZA3 0.6748 0.7712 8 0.6775 0.7904 7
0.0000 0.0000 Nooy 0.7932 0.9065 8 0.7932 0.9065 8

Fig.5 to Fig. 7 show the community structure detection results of the Zachary, 
BKHAM and KAPTAIL networks by Clauset et al.’s and the -based algorithms. The 
first two have a negative gap where values surpass those of , and the third a 
negative 

Q~

mQ CQ
gap mQ CQvalues are lower than where . This allows a comparison of types of 

differences for discrepancies that occur with fewer numbers of communities. In the first 
two cases, in Fig.5 and Fig.6, the underperformance is associated with not finding an 
extra community division compared as with ; similarly, 

CQ
mQ mQ  underperformance in 

Figure 7 is associated with not finding an extra community division compared with CQ . 

     

(a) Clauset et al.’s value            (b) the Q algorithm value  
~CQ mQ

Fig.5 Community structure for Zachary 
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(a) Clauset et al.’s value             (b) the Q algorithm value  
~CQ mQ

Fig.6 Community structure for BKHAM 
Are there “errors” in Fig.5 that would suggest underperformance of with respect 

for example to the black triangle nodes as a distinct community? Nodes “25-26-32” are a 
complete clique and so constitute a valid community, and given that, node 29 belongs 
with them. Are there “errors” in Fig.6 that would suggest underperformance of with 
respect for example to the gray square nodes as a distinct set? Node “13” connects only to 
“11” so they must be in the same community. But “3-29-11” are a complete graph, and so 
can constitute a separate community, which they do. There are very similar small-size 
community “penalties” in both cases that suggest that  is not underperforming but is 
penalized for possibly identifying very small communities. Here and in Figure 5, Clauset 
et al.’s  algorithm gains advantages from having more equal-sized communities in 
each case, but this does not hold for Figure 6. 

mQ

mQ

mQ

CQ

 

(a) Clauset et al.’s value    (b) the Q algorithm value  
~CQ mQ

Fig.7 Community structure for KAPTAIL 
 
Intuitively, the edge profile of the blue square node labeled “28” in Fig.7(b) should 

belong to the triangle community, because of its 9 ties, 3 of them interact with the seven 
other blue squares (3/7), only 1 of them connects to the large red circle community (1/13)  
and 5 of them connect to the black triangles (5/18). Because of 3/7 > 5/17 > 1/5, relative 
density should assign it to the blue square community. The 4-community structure of CQ
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Fig.7(b), however, reduces the size of the blue square community and eliminates its only 
cycle in (b), and thus one of the links of “28” to the blue squares, forcing it into the upper 
group, where it has more alignments in (a) with the triangles, so Clauset et al.’s algorithm 
clearly does not reflect relative community density. The error, then, in Clauset et al.’s 
algorithm, seems to be in having too many clusters. 

The “mistake” in each type of case seems to be finding too few communities and 
ones that are too large rather than too many and too small. Contrary to Newman’s Q, 
being too unequal does not discriminate the mistakes in every case.  

 

5 Discussion and Conclusion 
Basically, the detection procedure of community structure is to divide a network into 

non-overlapping subgroups. There are two important aspects for community structure. 
One is how to detect communities, and the other is how to evaluate the detection result. 
However, the recent study in this area has overwhelmingly focused on the detecting 
strategies,[25-37] few discussions concerning the measurement index. We lay out the 
problem of modularity, and  

(1) Explore the basic characteristics of Newman’s modularity Q. The definition of Q 
indicates the meaning of community structure is clear: the connections within a 
community are dense and the connections between any two communities are sparser. But 
Q value is affected by the density of the network and the number of the communities. 
Usually, a sparser network with more communities results in a larger Q.  

(2) Find modularity for the community detection using maximization of pqϕ , the 

increase in modularity when combine community p and q to form a new community. This 

is an index for the “bottom-up” merging strategy based on modularity. Calculating pqϕ  

depends totally on the modularity measure. Hence, different definitions of modularity 

lead to different calculation of  and a different detection processes.  pqϕ

We propose the normalized modularity Q  which includes to some extent the effect 

of the number of communities on modularity, and then explore a hybrid modularity and 
its detection algorithm. The simulation results indicate the effectiveness of the algorithm. 
Future studies would benefit from a focus on evaluating detection results, the costs and 

benefits of different modularities and their agglomerative index pqϕ in relation to the 

design, comparison and theoretical analysis of new modularities.  
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Appendix 

QAccording to the definition of , communities p and q are combined to form a new 

community with a new modularity Q ′ QQpq −′=ϕ and . Further, the number of 

communities m will be reduced by 1. Hence for Q ′ , we have  
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based on the normalized modularity Q  will be the same as the one based on Q. 
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